CLASSIFICATION OF Q-TRIVIAL BOTT MANIFOLDS 



SUYOUNG CHOI AND MIKIYA MASUDA 



Abstract. A Bott manifold is a closed smooth manifold obtained as 
the total space of an iterated CP^-bundle starting with a point, where 
each CP^-bundle is the projectivization of a Whitney sum of two com- 
plex line bundles. A <Q-trivtal Bott manifold of dimension 2n is a Bott 
manifold whose cohomology ring is isomorphic to that of (CP^)" with 
Q-coefhcients. We find all diffeomorphism types of Q-trivial Bott man- 
ifolds and show that they are distinguished by their cohomology rings 
with Z-coefficients. As a consequence, we see that the number of diffeo- 
morphism classes in Q-trivial Bott manifolds of dimension 2n is equal 
to the number of partitions of n. We even show that any cohomology 
ring isomorphism between two Q-trivial Bott manifolds is induced by a 
diffeomorphism. 



1. Introduction 

A Bott tower of height n is a sequence of CP^-bundles 

(1.1) Bn ^ Bn-i . . ^ Si ^ Bo = {a point}, 

where each Tii: Bi ^ Bi^i for i = 1, . . . , n is the projectivization of a Whit- 
ney sum of two complex hne bundles over Bi-i. We call Bi an i-stage Bott 
manifold and are concerned with the diffeomorphism type of the n-stage 
Bott manifold Bn ■ Note that even if two Bott towers of height n are differ- 
ent, their n-stage Bott manifolds can be diffeomorphic. 

If the fiber bundles in (|l.ip are all trivial, then Bn is diffeomorphic to 
(CP^)". It is shown in [7j that if the cohomology ring of Bn is isomorphic to 
that of (CP^)"" with Z-coefhcients as graded rings, then Bn is diffeomorphic 
to (CP^)" and moreover the fiber bundles in (jl.ip are all trivial. 

We say that P„ is Q-trivial if its cohomology ring is isomorphic to that 
of (CP^)"" with Q-coefficients as graded rings. In this paper, we shall find 
all diffeomorphism types of Q-trivial Bott manifolds and show that they are 
diffeomorphic if and only if their cohomology rings with Z-coefficients are 
isomorphic as graded rings (Theorem l4.ip . As a consequence, we see that the 
number of diffeomorphism classes in Q-trivial Bott manifolds of dimension 
2n is equal to the number of partitions of n. We also prove that any auto- 
morphism of the cohomology ring of a Q-trivial Bott manifold is induced by 
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a diffeomorphism. This implies that any cohomology ring isomorphism be- 
tween two Q-trivial Bott manifolds is induced by a diffeomorphism since we 
already establish that the diffeomorphism types of Q-trivial Bott manifolds 
are distinguished by their cohomology rings. 

Our study is motivated by the so-called cohomological rigidity problem 
for toric manifolds. A toric manifold is a non-singular compact complex 
algebraic variety with an algebraic torus action having a dense orbit. The 
cohomological rigidity problem for toric manifolds asks whether the topolog- 
ical types of toric manifolds are distinguished by their cohomology rings or 
not (see [Q]). This problem is open, but we have some affirmative partial so- 
lutions to the problem for (generalized) Bott manifolds in [7J , ^ , |3] and [3] . 
The result of this paper provides another affirmative evidence to the prob- 
lem for Bott manifolds. One can consider the real analogue of Bott towers 
and Bott manifolds, but the cohomological rigidity for real Bott manifolds 
is established with Z/2-coefficients, see [Qj and [8j. 

This paper is organized as follows. In Section [21 we review Bott mani- 
folds and prepare several lemmas to prove our main theorems. We find all 
diffeomorphism types of Q-trivial Bott manifolds in Section [3] and prove the 
cohomological rigidity for Q-trivial Bott manifolds in Section [H Section O 
is devoted to proving that any automorphism of the cohomology ring of a 
Q-trivial Bott manifold is induced by a diffeomorphism. 

Throughout this paper, cohomology is taken with Z-coefficient unless oth- 
erwise stated. 

2. Cohomology of Bott manifolds 

We begin with recalling some general facts on projective bundles. Let 
tt: £^ -^^ -B be a complex vector bundle over a smooth manifold B and let 
P{E) be the projectivization of E. 

Lemma 2.1. [21 Lemma 2.1] Let B and E he as above and let L be a complex 
line bundle over B. We denote by E* the complex vector bundle dual to E. 
Then both P{E*) and P{E (S) L) are isomorphic to P{E) as fiber bundles 
over B, in particular, they are diffeomorphic. 

Proof. We shall reproduce the proof given in [2] for the reader's convenience 
sake. 

Choose a Hermitian metric ( , ) on E, which is anti-C-linear on the first 
entry and C-linear on the second entry, and define a map b: E ^ E* by 
b{u) := {u, ). This map is not C-linear but anti-C-linear, so it induces a 
map b: P{E) P{E*), which gives an isomorphism as fiber bundles. 

For each x B, we choose a non-zero vector Vx from the fiber of L over x 
and define a map c: E ^ E Lhy c{ux) ■= Ux (8) Vx where Ux is an element 
of the fiber of E over x. The map c depends on the choice of w^'s but the 
induced map c: P{E) — > P{E ® L) does not because L is a line bundle. It 
is easy to check that c gives an isomorphism of P{E) and P{E ® L) as fiber 
bundles over B. □ 

Remark 2.2. The bundle map b: P{E) — s- P(E*) does not preserve the 
canonical complex structures on the fibers and the pullback of the tautolog- 
ical line bundle over P{E*) by b is complex conjugate to the tautological line 
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bundle over P{E) since b is anti-C-linear. On the other hand, the bundle 
map c: P{E) — > P[E ® L) above preserves the canonical complex structure 
on the fibers and pulls back the tautological line bundle over P[E L) to 
that over P{E). 

If H°'^'^{B) = (and this is the case for Bott manifolds), then H*{P{E)) 
is a free module over H*{B) via tt* : H*{B) H*{P{E)) and the Borel- 
Hirzebruch formula [U (2) on p. 515] tells us that 

m 

(2.1) H*{P{E)) = H*{B)[x]/{Y,i-^f^mx^-')^ 

1=0 

where m is the fiber dimension of E, Ci{E) denotes the i-th Chern class of 
E, and x denotes the first Chern class of the tautological line bundle over 
P{E). Moreover, the tangent bundle TfP{E) along the fibers of P{E) — > B 
admits a canonical complex structure since each fiber is a complex projective 
space, and with this complex structure its total Chern class is given by 

m 

(2.2) c(r;P(E))=^(l-x)—V.(E). 

Now we consider the Bott tower (jl.ip . Each fiber bundle ttj : Bj — > Bj^i 
for J = 1, . . . , n is the projectivization of a Whitney sum of two complex line 
bundles by definition and we may assume that one of the two line bundles 
is trivial by Lemma |2.1[ Therefore, one can express 

Bj = P(C e with aj G H^{Bj^i), 

where C denotes the trivial complex line bundle and 7"j denotes the complex 
line bundle over -Bj-i with aj as the first Chern class. Note that ai = 
since Bq is a point. Let Xj be the first Chern class of the tautological line 
bundle over Bj. Then it follows from (|2.ip that 

H*iB,) = H\B.j^{)[x,]/{x] = a,x,). 

Using this formula inductively on j and regarding H*{Bj) as a graded sub- 
ring of H*(Bn) through the projections in p.l|) . we see that 

(2.3) H*{Bn) = . . .,Xn]/{x] = OjXj \ j = 1,. . . ,n). 
Sometimes it is convenient and helpful to express 

i-i 

aj = ^ A^jXi with A"- G Z 

i=l 

and form an upper triangular matrix of size n with zero diagonals: 



A = 
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Let and 5'^ denote the unit sphere of C and respectively. Using the 
matrix A, one can describe Bn as the quotient of (S^)" by a free action of 
(S^)" defined by 

{ti,...,tn) ■ {{zi,Wi),...,iZj,Wj),...,{Zn,Wn)) 

= {{tiZi,tiWi), ... , {tjZj, (JJtj [tnZn, ( % ")tnWn)) 

1=1 i=l 

where ^ (S^)"' and {zj,Wj) denotes the coordinate of the jth 

component of (5"^)". In fact, the projections 

(53)n ^ (53)n-l ^ . ^ {a point} 

defined by dropping the last factor at each stage induces the Bott tower 

The next lemma and corollary are tricks to simplify algebraic computa- 
tions. An ordered pair {z,z) of elements in H'^{Bn) is said to be vanishing 
ii zz = and primitive if both z and z are primitive. Note that {xj,Xj — aj) 
is a primitive vanishing pair for each j since x'j = ajXj. 

Lemma 2.3. A primitive vanishing pair (z, z) is of the form 

{axj + u, ±{a{xj — Oj) — u)) 

for some j, where a is a non-zero integer, u is a linear combination of Xi 's 
with i < j, and u{u + aaj) = 0. 

Proof. Set z = axj + u (resp. z = bx^ + v), where a (resp. b) is a non-zero 
integer and u (resp. v) is a linear combination of Xj's with i < j (resp. 
i < k). li k ^ j, then abxjX^ term in zz survives in H*{Bn) because of 
(|2.3|) . hence k = j. Therefore, 

(2.5) = zz = abx'j + {av + bu)xj + uv = {abaj + av + bu)xj + uv. 

Since u and v are linear combinations of Xj's with i < j, the identity ()2.5p 
implies that 

(2.6) aboj + av -\- bu = and uv = 0. 

The former identity in (|2.6p shows that bu is divisible by a. However u is not 
divisible by any nontrivial factor of a since z = axj + u is primitive. Hence 
a\b. Similarly, av is divisible by b and hence b\a. Therefore, b = ±a and 
hence v = ^{u + aaj) by the former identity of (|2.6|) . This proves the first 
statement in the lemma because z = bzj + v. The last identity in the lemma 
follows from the latter identity of (j2.6p since v = u + aaj up to sign. □ 

Corollary 2.4. A square zero primitive element in H^(^Bn) is either Xj — ^otj 
or 2xj — Oj up to sign for some j, where a'j = in both cases. In particular, 
the number of square zero primitive elements in H^{B„) up to sign is equal 
to the number of aj 's with aj = 0. 

Proof. Since z = z in the proof of Lemma [2. 3 1 either 2u = —aaj or 2xj = aj. 
But the latter case does not occur since aj is a linear combination of Xj's 
with i < j. Hence, 2u = —aaj. Thus, it follows from the primitiveness of z 
that z must be either xj — ^aj or 2xj — aj up to sign. Since u{u + aaj) = 
and 2u = —aaj, we have a| = 0, proving the corollary. □ 
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3. O-TRIVIAL BOTT MANIFOLDS 



The purpose of this section is to classify 
freely use the notation in Section [2j 



-trivial Bott manifolds. We 



Proposition 3.1. Bn is Q-trivial if and only if = in H*{Bn) for all 
j = 1, . . . ,n. In particular, if is Q-trivial, then every Bott manifold Bj 
in the tower (jl.ip is Q-trivial. 



Proof. If a 



because x| 



CijXj. Since 



= 0, then {xj-^f = in H*{Bn 
Xj — ^ for J = 1, . . . , n generate H*{Bn] Q) as a graded ring, this shows that 
Bn is Q-trivial. Conversely, if Bn is Q-trivial, there are n primitive elements 
in H'^{Bn) up to sign whose square vanish. By Corollary [231 the number of 
aj's whose square vanish is also n, which implies the converse. □ 

Example 3.2. For a € Z, let = P(C©7"^^), where 7"^^ is the complex 
line bundle over — Bi whose first Chern class is ax\ G H'^i^P^^. 
is called a Hirzehruch Surface, which was first studied by Hirzebruch in [S]. 
Note that 

H*{T,a;1') = Z[xi,X2]/{xl =0, xl = axi), 

so that «! = and 02 = axi in this case. Since the squares of ai and a2 are 
both 0, S(j is Q-trivial. As is well-known, is diffeomorphic to CP^ x CP^ 
if a is even and to CP^JjCP^ if a is odd. 



Denote TCi = CP^,TC2 = ^1 and let tt2 ■ 'H2 — 
projection. We consider the pullback bundle tts : 7^3 
via ■K2'-, 

pi 



Til be the canonical 
-> 7^2 of 7r2 : 7^2 — > 



^3 



W2 



'7' 



(3.1) 



7^2 = ^(Ce7 



Hi = 



where denotes the induced bundle map. Then Ti^ is a 3-stage Bott 
manifold, in fact, Ti^ = P(C © 7^^) where C and 7^^ are both regarded as 
complex line bundles over 7^2- Therefore, the matrix corresponding to the 
Bott tower 



7^3 H2 7^l {a point} 




is given by 



Since the pullback of the tautological line bundle over 7^2 by ps in ()3.ip is 
the tautological line bundle over 7^3, we have ^3(3^2) = 3:3, while p^ixi) = x\ 
which follows from the commutativity of the diagram (jS.ip . 
Inductively, we shall define Jin as follows: 



(3.2) 



Jin 



Jin- 



Jin-1 



pi 



T3 



W3 



P3 



TT3 



7^2 



7^2 



Hi. 
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Note that 

(3.3) Hn Ti-n-i — — > • • • — ^ 'Hi {a point} 

is a Bott tower of height n corresponding to the n x n-matrix 

/ 1 1 ••• 1 \ 
••• 

(3.4) ••• 



and 
(3.5) 



H*{Hn) = I'ixi, . . . ,Xn]/{x'l = 0, xj = xiXj for j = 2, . . . ,n), 



so that ai = and aj = xi for all j 



, n. Since 



for any 



j, Tin is a Q-trivial Bott manifold by Proposition 13. 1[ We also note that 
Pj '■ ^ Wj-i (i > 2) is a bundle map and pulls back the tautological line 
bundle over TCj-i to that of Tlj, so that 

Pj{xj-i) = Xj for j > 2, while 

Pj{xi) = xi by the commutativity of ()3.2p . 

Lemma 3.3. Square zero primitive elements in H'^iTin) o-re 

±xi and ±{2xj — xi) for j > 1. 
In particular, their mod 2 reductions are equal to the mod 2 reduction of xi. 



(3.6) 



Z/2, 
8)Z/2, 



Proof. Since ai = and aj = xi for j > 1 in ()3.5p . the lemma is an 
immediate consequence of Corollary 12.41 □ 

Note that the mod 2 reduction of a square zero element of H^{Tln) is 
either zero or equal to the mod 2 reduction of xi by Lemma 13.31 

Lemma 3.4. If a is a square zero element in H'^{7{n), then 

PfCe /^(^®^) = ^"^^i ifa = OinH^{nn 

^- ^' \p(Ce7^i) =?^„+l ifa = xiinH'^{H 

as bundles over Tin- 
Proof. By Lemma 13.31 ck is either axi or a[2xj — xi) for j > 1, where a is 
an integer. Thus it suffices to prove 

(1) P(7''^i eC) ^ p(^(a+2fe)xi ^ bundles for any 6 G Z, 

(2) P(7'^(2x,-xi) ^ p(^j-axi ^ bundles for any j > 1. 
We first prove (1). By Lemma |2. II we have 

P(7"''i e C) ^ P((7'^^'i e C) 7''^'i) = p(^('^+^)^i 7^^-i) as bundles. 
Therefore it suffices to prove 

(3.7) © jbx, ) ^ p^^ia+2b)x, ^ Q bundles. 

All line bundles involved in (j3.7p are the pullback of line bundles over Tii by 
a composition of the projections vrj's in the tower (j3.3p . Therefore it suffices 
to prove (j3.7p when the base space is TYi. But then the two vector bundles 
^{a+b)xi ^bxi ^{a+2b)xi ^ in (j3.7p are isomorphic because their total 
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Chern classes are same and complex vector bundles over Tii = CP are 
classified by their total Chern classes as is well-known. 

The proof of (2) is similar to that of (1). By Lemma |2. II we have 

Therefore it suffices to prove 

(3.8) ^(^'^(^.-^i) ^-«^. ) ^ c) as bundles. 

As remarked at ()3.6p . pi : TCi Ti-i^i for i > 2 is a bundle map and pulls back 
the tautological line bundle over TCi-i to that over TCi so that p*{xi-i) = Xj. 
Therefore 7^^ is the pullback of 7^^ over TI2 by a composition of the bundle 
maps /3j's. Moreover p*{xi) = xi as noted before. Therefore it suffices to 
prove ()3.8p when j = 2 and the base space is Ti.2- But then the two vector 
bundles ^-"-^j and 7~''^i © C in ()3.8p are isomorphic because 

their total Chern classes are same and complex vector bundles of complex 
dimension two over 7^2 are classified by their total Chern classes. In fact 
the last assertion follows from an exact sequence 

[n2,u/u{2)] ^ [n2,Bu{2)] ^ [n2,Bu] = K{n2) 

induced from a fibration U/U{2) BU{2) BU. Here ['^2, U/U{2)] = 
because H2 is of real dimension 4 and U/U{2) is 4-connected and K{7i2) 
is torsion free since H°'^{T-i2) = 0, so that elements in \H2tBU{2)] can be 
distinguished by their Chern classes. □ 

4. COHOMOLOGICAL RIGIDITY OF Q-TRIVIAL BOTT MANIFOLDS 

For n G N, a finite sequence A = (Ai, . . . , Am) of positive integers is called 
a partition of n if Ylii<i<m ■^j = ^ and Ai > • • • > Am > 1- We define Tlx by 

nx ■.= nx, X ••• X Wa,„. 

For instance, (CP^)"" is and TY^ is 'H(n)- Note that 

(4.1) H*{nx) = H*{nx,) • • • ® ^^^(Ha^). 

Theorem 4.1. (1) An n-stage Q-trivial Bott manifold is diffeomorphic 
to TCx for some partition Xofn. 
(2) Let A and A' be two partitions of n. If H*{TCx) is isomorphic to 
H*{7ix') CLS graded rings, then A = A'. 
Therefore, Q-trivial Bott manifolds are distinguished by their cohomology 
rings with Z- coefficients and the number of diffeomorphism classes in n- 
stage Bott manifolds is equal to the number of partitions of n. 

Proof. (1) We prove the statement (1) by induction on n. Let Bn be an 
n-stage Bott manifold in the tower (jl.ip and suppose that Bn is Q-trivial. 
When n = 1, the statement is trivial since Bi = CP^ = Tii. 

Assume the statement (1) holds for (n — l)-stage Q-trivial Bott manifolds. 
Then, since Bn-i is also Q-trivial by Proposition 13. H we may assume that 
Bn-i = 'H^ for some partition /x of n — 1 by the induction assumption 
and Bn = P(7"" © C) with a„ G H^CHf,). We note that = by 
Proposition 13.11 because Bn is Q-trivial. If a„ = 0, then Bn = x Hi 
and the theorem holds in this case. Suppose a„ 7^ 0. Then a„ must sit in 
H'^{TCfj,-) for some component /Xj of the partition p in ()4.ip with A replaced 
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by /i because otherwise cannot vanish. Therefore the hne bundle 7"" 
over can be obtained by pulhng back a hne bundle over 7Y^^ . It follows 
that Bn is diffeomorphic to 

p(7-"ec)x J]w^^ 

where 7"" is regarded as a line bundle over 7i^. , runs over all components 
of jJL different from /ij. Then the statement (1) follows from Lemma 13.41 

(2) Any (non-zero) square zero element in H'^iTix) sits in H'^(T-C\.) for 
some component Aj of A as noted above and it follows from Lemma [3.31 that 
the mod 2 reductions of a square zero primitive element in H^{7^\^) and 
that in H'^iTCx ) are same if and only if i = j. Therefore, if ip : H*(TCx) ~^ 
H*{7{\') is a graded ring homomorphism, then all square zero primitive 
elements in H'^{TCx-) map into H^{TL\' ) by ip for some component A'- of A'. 

Since the square zero primitive elements in H'^(Tlx.) generate H*{Ti.x^) over 
Q, this implies that ip{H*{7ixJ) is contained in H*(7{x'.)- If f is in particular 
an isomorphism, then this together with (j4.ip implies the statement (2). □ 

Remark 4.2. One can show that TYa's, in other words Q-trivial Bott man- 
ifolds, can be distinguished by their cohomology rings even with Z/2- or 
Z(2)-coefficients. It is not true that all Bott manifolds can be distinguished 
by their cohomology rings with Z/2-coefficients (e.g. 3-stage Bott manifolds 
are such examples, see t2j), but it might be true with Z(2)-coefficients, see 

5. Automorphisms of Q-trivial Bott manifolds 

By Theorem 14.11 we may assume that an n-stage Bott manifold is ?ix 
where A is a partition of n. In this section we shall study the group 
Aut{H*{Hx)) of graded ring automorphisms of H*{Hx) and prove the fol- 
lowing. 

Theorem 5.1. Any element of Aut{H* (Tix)) is induced from a diffeomor- 
phism ofTLx- 

Since Q-trivial Bott manifolds are distinguished by their cohomology rings 
by Theorem 14. H the theorem above implies the following. 

Corollary 5.2. Any cohomology ring isomorphism between two Q-trivial 
Bott manifolds is induced from a diffeomorphism. 

The rest of this section is devoted to the proof of Theorem 15. 11 Remember 
that the square zero primitive elements in H^{TLn) are ±xi and ib(2xj — xi) 
for j > 1 by Lemma 13.31 

Lemma 5.3. An automorphism of H* (Tin) permutes itxi and ib(2xj — xi) 
for j > 1 up to sign. On the other hand, any permutation of ±xi and 
ib(2xj — xi) for j > 1 up to sign induces an automorphism of H* {Tin)- 

Therefore, Aut{H* (Tin)) is isomorphic to a semi-direct product (Z/2)" xi 
&n where &n denotes the symmetric group on n letters and the action of 
&n on (Z/2)" is the natural permutation of factors o/(Z/2)" . 
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Proof. The first statement is obvious. Suppose that ip is a permutation of 
±xi and ±{2xj — xi) for j > 1 up to sign. Then (p{xi) = ±xi or ±(2xfc —2:1) 
for some k > 1. In any case one can easily check that if we extend if hnearly, 
then (p{xi) is integral (i.e., a hnear combination of x^'s over Z) for any i. 
For instance, if 

ip{xi) = 2xk - xi, if{2xi - xi) = xi, ip{2xj - xi) = -{2xi - xi) for j / i, 

then a simple computation shows that 

(p{xi) = Xk and Lp{xj) = x^ - xg. 

Thus the linear extension of <~p defines an endomorphism of i?^(7^„). More- 
over, one can also check that ^(x\)^ = and •-pixj)^ = ip{xi)ip{xj) for j > 1. 
This ensures that (p extends to a graded ring endmorphism (p of H^{l~i^ 
since the ideal in (|3.5p is generated by x\ and x| — xiXj for j > 1. Similarly, 

ip~^ induces a graded ring endomorphism (p~^ of H*{TLn) and clealry ^p~^ 
gives the inverse of ^, so is an automorphism of i^*(7^„). This proves the 
lemma. □ 

We write A = (d"^ , • • • , d!^ ) where di > ■ ■ ■ > dk and d"' denotes copies 
of di for i = I, . . . ,k. Then 

k 
i=l 

The proof of (2) in Theorem 14.11 shows that an automorphism of H*{Tix) 
maps factors of H* [Tid^)^"''- to themselves for each z, so that 

k k 

(5.1) Ant{H*{nx)) = n Aut(//*(H,J^'^0 = llAut{H*{ndjr >^ ©a, 

j=i 1=1 

where the action of on Aut{H* (Tidi))"'^ the natural permutation of 
factors of Aut(/7*(7^dJ)''\ 

A permutation of factors of Aut{H* (Tidi))"'^ induced from a permu- 
tation of factors of 'H'^', which is a diffeomorphism, so it suffices to prove 
Theorem 15.11 when A = (n) by ()5.ip . We first prove it when n = 2. 

Lemma 5.4. Any element of A\xt{H* {T-L2)) , which permutes ^xi and±{2x2 — 
xi) up to sign, is induced from a diffeomorphism of7i2- 

Proof. As remarked in Example l3.2l 7^2 = is diffeomorphic to CP^^^CP^. 
Let u and v be elements of H2{CP'^f^CP'^) represented by a canonical sub- 
manifold CP^ in CP^ and CP^ respectively. They are a basis of H2{CP'^ffCP'^). 
(Through the Poincare duality, u and v correspond to X2 and x\ — X2 up to 
sign since the self- intersection numbers of u and v are ±1 while squares of X2 
and X2 — xi are a cofundamental class X1X2 up to sign.) It suffices to show 
that any permutation of ibu and if up to sign can be represented by a dif- 
feomorphism of CP^T^CP^ = 7^2 since the number of those permutations is 
8 which agrees with the number of elements in Aut(/f*(7^2)) — (^/2)^ x ©2- 
We consider two involutions s and t on CP^ defined by 

s: [zi,Z2,z^] [zi,Z2,^3], [^1,^2,^3] ^ [^i, ^2,-^3] 
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where [zi , Z2 , Z3] denotes the homogenous coordinate of CP^ and z denotes 
the complex conjugate of a complex number z. Observe that 

(1) s leaves the submanifold CP^ = {^3 = 0} of CP^ invariant, reverses 
an orientation on the CP^ and the fixed point set of s is MP^, 

(2) the induced action of t on H^{CP^) is trivial and the fixed point set 
of t is the disjoint union of CPi = {z3 = 0} and a point [0, 0, 1]. 

Type 1. We consider the involution s on both CP^ and CP^. Choose a 
point from the fixed set MP^ in CP^ and CP^ respectively and take equi- 
variant connected sum of CP^ and CP^ around the chosen points. Then the 
resulting involution on CP'^^CP'^ sends {u,v) to {—u,—v). 
Type 2. We consider the involution s on CP^ and t on CP^. Choose a 
point from the fixed set MP^ in CP^ and a point from the fixed set CP^ 
in CP^ and take equivariant connected sum of CP^ and CP^ around the 
chosen points. Then the resulting involution on CP^#CP^ sends (w, v) to 
{-u,v). 

Type 3. CP^^CP^ is obtained by removing an open disk D from CP^ 
and CP^ respectively and gluing together along the boundary via the 
identity map, so that it admits a reflection with respect to the S^, which 
maps CP^\D to CP^\-D. This reflection sends {u,v) to {v,u). 

Combining the diffeomorphisms of the three types above, one can realize 
any element of A.vX{H* [712)) by a diffeomorphism of 7^2- D 

We shall prove that any element of Aut(i7*(7^„)) is induced from a dif- 
feomorphism of Tin for any n by induction on n, so that the proof of The- 
orem [5?T] will be completed. For that we prepare three lemmas. We regard 
H*(Hj) for j < n as a subring of H*(7in) as usual and remember that ±xi 
and ±{2xj — 2xi) for j > 1 are all the square zero primitive elements in 

Lemma 5.5. Let ip he an element of Aut(H* (Tij)) for j < n. Ifipis induced 
from a diffeomorphism ofTij, then there is a diffeomorphism of Tin whose 
induced automorphism of H* (Tin) preserves the subring H*{7ij) and agrees 
with the given tp on H*{7ij). 

Proof. Let fj be a diffeomorphism of Tij whose induced automorphism of 
H*(?{j) is "0- The pullback of the bundle 

(5.2) Hj+i = P(C e 7"^+i ) ^ Hj 

by fj is of the form P(C ©7-^^ (°j+i)) 7-^^. this is isomorphic to (|5.2|) by 
Lemma [33] since a^+i = = /*(aj4.i)^ and the mod 2 reductions of a^+i 
and /*(aj+i) are same. It follows that there is a bundle automorphism fj^i 
of ()5.2p which covers fj. Since fj+i covers fj, the automorphism f*_^_i of 
H*{Hj+i) induced by /j+i preserves the subring H*{Ti.j) and agrees with 
f* on it. Repeating this argument for fj^i in place of fj, we get a dif- 
feomorphism /j-|_2 of which covers fj+i and so on. Then the last 
diffeomorphism of Tin is the desired one. □ 

Lemma 5.6. There is a diffeomorphism of Tin whose induced automorphism 
of H*{Tin) is the identity on the subring H*{Tin-i) and maps x„ to —Xn+xi 
(equivalently maps 2x„ — xi to — (2x„ — xi)). 
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Proof. Since the dual bundle of C©7^^ is isomorphic to C©7 the proof 
of Lemma 12.11 shows that we have a bundle map 

b: H„ = P(C © 7^1) ^P(C 87-^1) 

which covers the identity map on TCn-i- The pullback of the tautological line 
bundle rj- over P(C © 7"^^ by b is complex conjugate to the tautological 
line bundle r/_|_ over P(C © 7^^) (see Remark 12. 2p : so we obtain 

(5.3) b*ix) = -Xn 

where x = ci(r/_) and x„ = ci(?7+) by the definition of x„. 

On the other hand, the proof of Lemma |2. II shows that we have a bundle 
isomorphism 

c: P(C©7-^i) ^P((C©7"^'')®7''') = ^'(7''' ®Q=nn 

which preserves the complex structures on each fiber. Therefore it induces 
a complex vector bundle isomorphism rjP(C©7~^i) — > TfP{'y^'^ © C) 
between their tangent bundles along the fibers. According to the Borel- 
Hirzebruch formula ()2.2p . their first Chern classes are respectively —2x — xi 
and —2xn + xi, so 

(5.4) c*(-2x„ + xi) = -2x - xi. 

Since the map c covers the identity map on TCn-i, c*(xi) = xi. It follows 
from (|5.4|) that c*(x„) = x + xi. This together with (j5.3|) shows that 

(5.5) b*{c*{Xn)) = -Xn + Xi 

because b*{xi) = xi which follows from the fact that b covers the identity 
map on Tln-i- The identity (|5.5p shows that the composition c o 6 is the 
desired diffeomorphism. □ 

Lemma 5.7. There is a diffeomorphism of Tin whose induced automorphism 
of H* {Tin) interchanges Xi and Xj for i,j > 1 and fixes x^ for k 7^ i,j. 

Proof. It suffices to show that there is a diffeomorphism gi of Tin for each 
i > 1 whose induced automorphism of H*(Tin) interchanges Xj and Xj+i and 
fixes Xfc for k 7^ i,i + l, because the desired diffeomorphism can be obtained 
by composing those diffeomorphisms. 

Remember that TYj+i is obtained as the fiber product 

rti+l > rii 

Tii ^ — > Tii-i. 

Permuting the coordinates of Tii x preserves the subset Tii+i and defines 
a diffeomorphism Tj+i of T^j+i- One notes that r*^;^(xi) = p*_^i{xi) = Xj+i 
and r*^;^(xfc) = Xk for k < i. Since iii^i o Tj+i = vrj+i, the diffeomorphism 
Tj+i naturally extends to a diffeomorphism Tj+2 of 7^j+2 and finally extends 
to a diffeomorphism gi of Tin because of ()3.2p . Since rj*_)_i(xi) = xi, the 
pullback of the line bundle 7^^ over Tii+i is isomorphic to 7^^ itself. This 
implies that T*^2{^i+2) = 3;j+2 because Xj+2 is the first Chern class of the 
tautological line bundle over P(C ©7^^). Therefore g* fixes Xi+2 since gi 
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is an extension of Tj_|_2. Similarly, g* fixes for k > i + 1. Thus gi is the 
desired diffeomorphism. □ 

Remark 5.8. As remarked at (|2.4|) . one can regard Tin as the quotient 
of (S^)" by a free action of (5"^)" associated with the matrix (j3.4|) . Then 
interchanging the i-th factor and the j-th factor of (5'^)" produces a desired 
diffeomorphism in Lemma |5.7[ 

Now we shall prove that any element of Aut {H* (Tin)) is induced from a 
diffeomorphism of Tin for any n by induction on n. This claim is established 
for n = 2 by Lemma 15.41 Suppose the claim holds for n — 1. Let 93 be an 
element of Aut{H* (Tin)) ■ Then ip permutes square zero primitive elements 
±xi,±{2xj — xi) [j > 1) up to sign. We distinguish three cases. 

Case 1. The case where (p{2xn — xi) = ±{2xn — xi). In this case 
ip preserves the subring H*{Tin-i) and let ip be the restriction of (p to 
H*{Tin-i)- By Lemma 15.51 there is a diffeomorphism / of Tin whose in- 
duced automorphism /* of H*{Tin) agrees with tp on H*{Tin-i)- Then the 
composition {f^"^)* oip \s the identity on H*{Tin~i), so we may assume that 
ip is the identity on H*{Tin-i)- If V5(2x„ — xi) = 2x„ — xi, then ip is the 
identity so that it is induced from the identity diffeomorphism of Tin- If 
ip{2xn — xi) = —{2xn — xi), then ip is induced from a diffeomorphism of Tin 
by Lemma 15.61 

Case 2. The case where ip{2xn — xi) = ±{2xj — xi) for some 1 < 
j < n. By Lemma 15.71 there is a diffeomorphism g of Tin whose induced 
automorphism g* of H*{Tin) interchanges xj and Xn and fixes Xk for k ^ j, n. 
Therefore the composition g* o ip \s an automorphism treated in Case 1, so 
that g* o ip is induced from a diffeomorphism of Tin by Case 1 and hence so 
is ip. 

Case 3. The case where ip{2xn — xi) = zizxi. By Lemma 15.41 and 
Lemma [5. 5 1 there is a diffeomorphism h of Tin whose induced automorphism 
h* of H*(Tin) maps xi to 2x2 — xi. Therefore the composition h* o ip is an 
automorphism treated in Case 2, so that it is induced from a diffeomorphism 
of Tin and hence so is 

This completes the proof of the desired claim and hence Theorem 15.11 

Concluding remark. The cohomological rigidity problem asks whether 
two toric manifolds are diffeomorphic (or homeomorphic) if their cohomol- 
ogy rings are isomorphic. More strongly, it is asked in [9] whether any 
cohomology ring isomorphism between two toric manifolds is induced from 
a diffeomorphism. We may call this problem the strong cohomological rigid- 
ity problem for toric manifolds. Corollary 15.21 gives a supporting evidence 
to the problem and the authors do not know any counterexample to the 
problem. 
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